Abstract: We present some completely normal elements in the maximal real subfields of cyclotomic fields over the field of rational numbers, relying on the criterion for normal element developed in [Jung H.Y., Koo J.K., Shin D.H., Normal bases of ray class fields over imaginary quadratic fields, Math. Z., 2012, 271(1-2), 109-116]. And, we further find completely normal elements in certain abelian extensions of modular function fields in terms of Siegel functions.
Introduction
Let L be a finite Galois extension of a field K . We know by the normal basis theorem [13, Section 8.11 ] that there exists an element ∈ L such that { γ : γ ∈ Gal (L/K )} forms a K -basis of L, a so-called normal basis of L/K . Such an element is also said to be normal in L/K . Moreover, if is normal in L/F for any intermediate field F , then is said to be completely normal in L/K . Faith [3] proved in 1957 that every finite Galois extension L of an infinite field K contains a completely normal element. Blessenohl and Johnson [1] showed in 1986 that this strengthening of the normal basis theorem holds for every finite extension L of a finite field K . It is usually very difficult, however, to determine completely normal elements in a finite Galois extension L/K . Hachenberger [5] provided explicit constructions of completely normal elements in prime-power cyclotomic fields over the rational field Q, but such constructions are not known for general number fields. Now, we let ζ = 2π / be a primitive th root of unity for a positive integer and Q(ζ ) + be the maximal real subfield of the th cyclotomic field Q(ζ ). Okada proved in [11] that if and , > 2, are positive integers with odd and T is a set of representatives (mod ) such that (Z/ Z) × = T ∪ (−T ), then the numbers (1/π )( / ) (cot π )| = / for ∈ T form a normal basis of Q(ζ ) + /Q, which is an extension of Chowla's result [2] when = 1. He utilized the partial fractional decomposition of ( / ) cot π and the Frobenius determinant relation [10, Chapter 21, Theorem 5] . And, when N is the set of positive integers which are either odd or divisible by 4, we let ∈ N. Hachenberger constructed in [5] an element ∈ Q(ζ ) which is simultaneously normal in Q(ζ )/Q(ζ ) for each ∈ N dividing by making use of the notion of cyclic submodules in Q(ζ )/Q(ζ ) [4] .
On the other hand, for an integer , ≥ 2, let K ( ) be the ray class field of an imaginary quadratic field K ( = Q(
Jung et al. [7] recently showed that the singular value of a certain Siegel function is normal in K ( ) /K . To this end they derived a useful criterion for determining a normal element in a finite abelian extension of a number field from the Frobenius determinant relation.
In this paper we shall first improve this criterion to determine completely normal elements in finite abelian extensions (Theorem 2.2), and then use this new criterion to present an infinite family of completely normal elements in Q(ζ ) + /Q for an integer , ≥ 5, (Theorems 3.1 and 3.2). It is expressed in terms of the cosine function, which is simple but different from Okada's normal element [11] . We shall further find completely normal elements in certain abelian extensions of modular function fields in view of Siegel functions (Theorem 4.2). 
A criterion for completely normal elements
And, we see that 
Lemma 2.1 ([7, Proposition 2.3]).

An element ∈ L is normal in L/K if and only if
γ∈G χ(γ −1 ) γ = 0 (in L(µ )) for all characters χ on G Theorem 2.2.
Assume that there exists an element ∈ L such that | γ / | < 1 for all γ ∈ G − {Id}. Let be any positive integer such that
γ ≤ 1 for all γ ∈ G − {Id} (3)
Then is completely normal in L/K . In particular, if | · | is nonarchimedean, then any positive power of is completely normal in L/K .
Proof. Let 
Hence is completely normal in L/K again by Lemma 2.1. 
Corollary 2.3.
Let L be an abelian extension of a number field K with [L : K ] = . Assume that we have an element ∈ L satisfying
(i) is an algebraic integer, (ii) L = K ( ),(iii)
Remark 2.4.
When L is totally real, there always exists such an element ∈ L that satisfies the assumptions of Corollary 2.3. Therefore, in this case, one can get an explicit algorithm which gives infinitely many completely normal elements in L/K .
Maximal real subfields of cyclotomic fields
Let be a positive integer. As is well known, Q(ζ ) + = Q(ζ + ζ 
which is less than 1. We then obtain the assertion again by Theorem 2.2. 
Lemma 3.3 ([8, p. 227]).
Let L 1 and L 2 be finite Galois extensions of a number field
Proof. One can readily see that is an imaginary quadratic field contained in Q(ζ ) (⊂ Q(ζ )) by Lemma 3.4, we have Q(
. Therefore, the theorem follows from Lemma 3.3.
Fields of modular functions
Let H = {τ ∈ C : Im τ > 0} be the complex upper half-plane. (ii) For γ = ∈ SL 2 (Z) we have the transformation formula
(iii) ord , which belongs to L by Lemma 4.1 (i). Let γ = be an element of ±Γ that represents a nonidentity element of Gal (L/K ). Since ≡ 0 mod N by the assumption (i), we get
Further, we deduce from the fact det γ = − = 1 that
otherwise γ belongs to ±Γ(N) and gives rise to the identity of Gal (L/K ). Now we achieve that 
